Introduction
The Bimonster, or wreathed square M o 2 of the Monster group M , is presented by the Coxeter relations of the 26-node incidence graph of the projective plane of order 3, along with the additional relations that all free 12-gons of this diagram generate symmetric groups S 12 . We prove this using purely geometric arguments as well as the celebrated Ivanov-Norton theorem 6, 9, 7] . This elementary presentation provides a natural connection from the projective plane of order 3 to the Bimonster. Previously this connection was known in the other direction 2, 3] . We also consider other groups can be obtained in a similar fashion.
A useful reference on Coxeter and re ection groups is 5]. We use the Atlas 1] notation for nite groups.
2. Results We use P n to denote the projective plane of order n. For example P 3 consists of 13 points and 13 lines with 4 points on each line and 4 lines passing through each point. The incidence graph of P 3 , Inc(P 3 ), has 26 nodes (one for each of the 13 points and 13 lines). Two nodes are joined exactly when one is a point, the other is a line and the point lies on the line. The graph Inc(P 3 ) therefore has valence 4. It is shown in Figure 1 . The indices i range over f1; 2; 3g so that some nodes in the gure represent 3 nodes of Inc(P 3 ). Single lines between the nodes of Figure 1 indicate that the nodes of Inc(P 3 ) are joined just if they have the same indices. Double lines indicate that the nodes of Inc(P 3 ) are joined just if their indices di er.
For any graph ? we can consider the associated Coxeter group H. H is the group generated by the nodes of ? subject to the relations a 2 = 1 for any node a, (ab) 2 = 1 for any unjoined nodes a; b and (ab) 3 = 1 for any joined nodes a; b. De nition 2.1. Let Z m :G be a group (usually an a ne Coxeter group).
To de ate this group is to impose the relations that make the translations Z m trivial. Similarly to bi ate, tri ate or k-ate Z m :G is to make the translations have order 2, 3 or k respectively with the result that Z m becomes 2 m , 3 m or k m .
Usually we view Z m :G as a subgroup of a group H. The new relations are then imposed on H. In this paper we will de ate a ne A n Coxeter groups Z n?1 :S n . We refer to the group by listing its generators. Since the a ne A n diagram is merely a free n-gon, we say that we are de ating an n-gon.
We are now in position to state one of the two main theorems of this paper. It provides a connection from the projective plane of order 3 to the Bimonster by giving a remarkably simple presentation of the Bimonster. Theorem 2.1. If we de ate all free 12-gons of the Inc(P 3 ) Coxeter group we obtain the Bimonster M o 2.
This theorem follows from the proof of Theorem 2.2. The proof depends on the celebrated Ivanov-Norton theorem 6, 9, 7]. It remains a mystery why Inc(P 3 ) should be so strongly connected to the Bimonster. We note that 12 is the largest n for which there is a free n-gon in Inc(P 3 ) and that all such 12-gons of Inc(P 3 ) are isomorphic.
Some easier examples of analogous theorems are listed in Table 1 . In this table we de ate all the free n-gons (for the indicated n) in a Coxeter group determined by the graph to obtain some group. This game' of starting with a Coxeter group of a graph and k-ating certain subgraphs is of considerable interest. One can ask which nite (or in nite) groups can be obtained in this fashion. We now describe another method of obtaining groups from graphs. We start with a (small) graph ? 0 and a group G satisfying its Coxeter relations. In our case we choose ? 0 to be the 16 node M 666 diagram ( Figure 2) . We then adjoin A 11 extending nodes whenever possible. The closure of ? 0 under such extension is denoted ?. G must still satisfy the Coxeter relations of ?.
Consider an a 11 subdiagram of ? with nodes 1 ; : : : ; 11 . The Coxeter group of a 11 is S 12 . If we view these as the transpositions (0; 1); : : : ; (10; 11) of S 12 then the extending node 0 corresponds to the transposition (11; 0). We note that 0 can be de ned to be 2 11 1 . We can make this process more concrete by taking advantage of the equivalence of Coxeter groups and re ection groups. For each node of the a 11 Two roots corresponding to the same element of G are said to be equivalent and they share the same node.
We prove that if ? (for ? 0 still the M 666 diagram) has no more than 26 distinct nodes then G is the Bimonster. Insisting that there are no more than 26 nodes imposes some nonCoxeter relations, the equivalence of certain roots, on the M 666 in nite Coxeter group with the result that we get a presentation for the Bimonster. In fact ? has exactly 26 nodes and is the graph Inc(P 3 ). Upon checking the relations used in to the proof we get Theorem 2.1 as a corollary.
Some easier examples of analogous theorems are listed in 00+-00 000000 0+-000 0000000 000000 Figure 3 . The fundamental Monster roots in System 1. the M 555 diagram. We also remark that the graph obtained from the M 888 diagram is not an incidence graph.
Proofs
In order to proceed with the proof of Theorem 2.2 we make use of the following coordinate system for the roots of M 666 diagram (System 1 of 3, 10]). Often we will use + to denote 1 and ? to denote ?1.
In System 1 we have a space of 19 coordinates a b c d e f g h i j k l t m n o p q r with quadratic form a 2 + + r 2 ? t 2 :
(1)
In this system the fundamental Monster roots are as indicated in Figure  3 . All the vectors satisfy the following relations: a + b + c + d + e + f = t g + h + i + j + k + l = t (2) m + n + o + p + q + r = t: Thus t is redundant, so we shall sometimes omit it. We call t the type.
We now extend the M 666 diagram by adjoining A 11 extending roots to obtain ?. We do this by nding free a 11 subdiagrams and adding the A 11 extending nodes. We stress that in all cases used the a 11 satisfy the standard inner product conditions. The choice of signs of the a 11 roots is important. If is a root then we use to denote the negative of . The signed sum of the a 11 roots is the A 11 extending root.
The M 666 diagram has 16 nodes. We now have 26 roots. Checking their inner products with the M 666 roots we nd that they are distinct. We are assuming that G is not trivial (of order 1 or 2). This is justi ed since by its construction the very nontrivial Bimonster group will satisfy the conditions. Under the conditions of Theorem 2.2 any additional nodes must correspond to one of these 26.
Consider d 1 |c 1 |b 1 |a|b 2 |c 2 |z 1 |c 3 |d 3 |e 3 |f 3 . The extending node is g 12 = 1 1 1 0 0 0 0 0 0 1 1 1 3 1 0 0 0 0 2 : (7) Checking inner products with the M 666 roots we nd that the reection in g 12 can only be equivalent to the re ection in g 3 . Therefore g 12 g 3 . Permuting by an S 6 S 6 S 6 symmetry this becomes 
